Abstract: In this paper, we consider the output regulation problem of a class of linear switched multi-agent systems. The problem can be viewed as a generalization of several control problems of the multi-agent systems. Due to the limited information exchanges of different subsystems, the problem does not permit a centralized approach. By devising a distributed observer, we can solve the problem by both state feedback control with feedforward and measurement output feedback control with feedforward. As a special case of our problem, we will show that our control design can solve the linear leader-following consensus problem efficiently.
INTRODUCTION
In this paper we will consider the output regulation of the following linear switched multi-agent systemṡ
where x i ∈ R ni , y mi ∈ R pmi , e i ∈ R pi and u i ∈ R mi are the state, measurement output, error output and input of the ith subsystem, and v ∈ R q is the exogenous signal representing the reference input to be tracked or the disturbance to be rejected and is assumed to be generated by a so-called exosystem as followṡ v = Sv (2) For i = 1, ..., N , A i , B i , C mi , D mi , C i , D i , E i and F i are constant matrices, F mi (t) = F σ(t) mi are piecewise constant matrices dictated by a piecewise constant switching signal σ(t) : [0, +∞) → P = {1, 2, ..., ρ} with switching instants t 0 = 0, t 1 , t 2 , .... The set P is called switching index set.
It is assumed that, at each time instant t ≥ 0, the N subsystems of system (1) can be classified into two groups. The control u i (t) of each subsystem in Group 1 can use its own state x i (t) or its own measurement output y mi (t) as well as the exogenous signal v(t) for feedback control, and the control u i of each subsystem of Group 2 can only use the state x i (t) or measurement output y mi (t) of itself for feedback control. In other words, if we view the exosystem as a leader and the N subsystems as the followers of the leader, then all the subsystems in Group 1 are neighbors of the exosystem, while none of the subsystems in Group 2 are. Here the word neighbor will be precisely defined later when the concept of digraph is introduced. For our problem to be well posed, we assume, in a particular time interval [t k , t k+1 ), a subsystem will either belongs to Group 1 or Group 2 for all t ∈ [t k , t k+1 ). Briefly, our control objective is to design a distributed feedback control law such that the overall closed-loop system is uniformly exponentially stable when v is set to zero and the error output approaches zero asymptotically. The word distributed will be clarified in the next section. System (1) is a special class of switched systems and it contains the time-invariant system as a special case where P consists of a single element. For the special case where system (1) is time-invariant, the above problem was studied in Su and Huang [2011] by state feedback control. The problem of Su and Huang [2011] further contains the problem of Xiang, et al. [2009], and Huang [2011] as special cases in that system (1) is time-invariant, all N subsystems have the same system matrices, and, for all i = 1, · · · , N , D i = 0, D mi = 0. The background of the above problem has been explained in Su and Huang [2011] . We also point out that the problem includes many existing control problems of multi-agent systems as the special cases Hong, et al. [2010] , Su and Huang [2011] . In particular, various leaderfollowing consensus problems under switching network such as single-integrators Jadbabaie, et al. [2003 ], doubleintegrators Hong, et al. [2007 , and linear marginally stable systems Ni and Cheng [2010] . Some problems in the recent book Ren and Beard [2008] can also be viewed as special cases of our problem.
If, for each subsystem i, the output regulation problem can be solved by a control u i that only utilizes the state or measurement output of the subsystem i as well as the exogenous signal v, then these N controls together solve the output regulation problem of system (1) in the classical sense Davison [1976] , Francis and Wonham [1976] , Francis [1977] , Huang [2004] . Such a control scheme is called classical decentralized control. What makes our problem technically interesting is that, when a subsystem i belongs to Group 2 over some time interval [t k , t k+1 ), u i cannot access v over the interval [t k , t k+1 ). Thus the classical static feedforward control does not work for subsystems in Group 2. On the other hand, the dynamic measurement output feedback control requires that the pair
for all t ≥ 0. However, when a subsystem i belongs to Group 2 over some time interval [t k , t k+1 ), it is natural to consider F σ(t) mi = 0 over [t k , t k+1 ). Thus if E i = 0, condition (3) cannot be satisfied over [t k , t k+1 ). It is noted that, in addition to the feedforward approach, the output regulation problem can also be solved by the internal model approach which does not require condition (3), but entails the following transmission zero condition:
where σ(S) is the spectrum of S. However, condition (4) can never hold when p > m i . It is noted that recently some other attempts using the internal model method to solve the above problem for the case where system (1) 
have a solution pair (X i , U i ).
The rest of this paper is organized as follows. In Section 2, we describe the distributed observer as well as our control laws. In Section 3, we derive the solvability conditions of our problem via both dynamic state feedback and dynamic measurement output feedback control laws. As a special case of our problem, we show that our control laws also solve some well known leader-following consensus problems. In Section 4, we provide an example to illustrate our design. Finally, in Section 5, we present our conclusions.
PRELIMINARIES

Graph
Let us introduce some graph concepts which can be found in Godsil and Royle [2001] . A digraph G = (V, E) consists of a node set V = {1, ..., N } and an edge set E ⊆ V × V.
If an edge (i, j) ∈ E, then node j is called a neighbor of node i. If the digraph G contains a sequence of edges of the form (
} is called a path of G from i 1 to i k+1 , and node i k+1 is said to be reachable from node
A matrix whose off-diagonal elements are nonnegative is called Metzler matrix. Clearly, the sum of a finitely many Metzler matrices is also a Metzler matrix.
Let M = [m ij ] N ×N be a Metzler matrix with zero row sum. The δ-digraph associated with M is the digraph G = (V, E) whose node set is V = {1, ..., N }, and (i, j) ∈ E, i = j, i, j = 1, ..., N if and only if a ji ≥ δ.
Problem Statement
Given a bounded nonnegative switching matrix A σ(t) = [a ij (t)] N ×N , where a ii (t) ≡ 0, and min aij (t) =0 a ij (t) ≥ δ, ∀ i = j, for some δ > 0, we can define a dynamic compensator with the state η i ∈ R q , i = 1, ..., N , as follows:
where µ is some positive constant, and b i (t), i = 1, ..., N , are bounded switching functions such that, for any k ≥ 0,
We call (6) a distributed observer of (1) for the reason described in Remark 5. It is noted that the ith observer can access the exogenous signal v at time t if and only if b i (t) ≥ δ. Remark 1. When b i (t) = 0 for all t and all i = 1, 2, · · · , N , the observer (6) appears to be similar to what was used in Scardovi and Sepulchre [2009] . However, in Scardovi and Sepulchre [2009] , the parameters a ij are elements of the adjacent matrix of the digraph describing the information exchange of the given leaderless multi-agent system. In contrast, here the parameters a ij (t) in (6) are design parameters, and they can be specified by designers for solving the problem.
Now we introduce two types of control laws as follows: 1. Dynamic state feedback:
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2. Dynamic measurement output feedback:
and L i ∈ R ni×pmi are gain matrices to be determined later.
Then the output regulation problem of the linear switched multi-agent system (1) is described as follows: Definition 1. Given the system (1) and the exosystem (2), find the control law (7) or (8) such that 1) The origin of the closed-loop system with v = 0 is uniformly exponentially stable; 2) For any initial condition x i (0), η i (0), (and ξ i (0)), i = 1, ..., N , and v(0) the tracking error lim t→∞ e i (t) = 0, i = 1, ..., N.
Some Lemmas
Lemma 1. Consider the linear time-varying systeṁ
where A c (t), B c (t), C c (t), and D c (t) are bounded piecewise continuous functions over t ≥ 0. Suppose the linear systeṁ x c = A c (t)x c is uniformly exponentially stable. Assume that for any t ≥ 0, there exists a constant matrix X c that satisfies the following linear matrix equations:
Then lim t⇀∞ e(t) = 0.
Proof: Letx c = x c − X c v. By (10),
and Moreau [2004] ). Consider the linear systemẋ = A(t)x (12) Assume that the system matrix A(t) ∈ R n×n is a bounded and piecewise continuous function of time t, and for every time t, A(t) is Metzler matrix with zero row sums. If there is an index k ∈ {1, ..., n}, a threshold value δ > 0 and an interval length T > 0 such that for all t ∈ R the δ-digraph associated with t+T t A(s)ds has the property that all nodes are reachable from the node k, then the equilibrium set of consensus states is uniformly exponentially stable. In particular, all components of any solution x(t) of (12) converge to a common value as t → ∞.
is a Metzler matrix with zero row sum for any t ≥ 0. Let ∆ σ(t) = diag{b 1 (t), ..., b N (t)} and H σ(t) = −M σ(t) + ∆ σ(t) . It is noted that, for any t ≥ 0, H σ(t) 1 N = ∆ σ(t) 1 N , where vector 1 N denotes an N dimensional column vector with all elements 1. Let
. It can be also verified that M σ(t) is a Metzler matrix with zero row sum. DenoteḠ σ(t) the δ-digraph associated withM σ(t) at time t.
For the solvability of the problem, we need two more assumptions on the switching signal σ(t) as follows:
Assumption 6. There exists a subsequence {i k } of {i : i = 0, 1, ...} with t i k+1 − t i k < ν for some ν > 0, such that
Remark 2. It is noted that Assumption 6 is satisfied automatically for the case where these exists at least one subsystem that is a neighbor of the exosystem for any time instant t ≥ 0. However, what makes Assumption 6 interesting is that it accommodates the case where the exosystem does not have any neighbor over some switching subintervals during [t i k , t i k+1 ). Remark 3. Under Assumption 6, we can always choose switching parameters a ij (t), i.e., the Metzler matrix M σ(t) , such that j=i kḠ σ(tj ) is reachable from node 0. In fact, let M σ(t) be any Metzler matrix with zero row sum for any t ≥ 0 such that the δ-digraph G σ(t) associated with M σ(t) has the property that the node i can reach any other nodes at the time instant t when b i (t) ≥ δ. Then such node i can reach any other nodes in the union digraph
j=i kḠ σ(tj ) , under Assumption 6, the node 0 can reach any other nodes of
has all the eigenvalues with positive real parts.
Using Lemma 2 and Remark 3, we can obtain the following lemmas. Due to the space limit, we omit their proofs. Lemma 3. Under Assumptions 5 and 6, there exist a ij (t) such that the origin of the linear switched system 
T , ξ i ∈ R q , i = 1, ..., N , and µ is any positive constant, is uniformly exponentially stable. Lemma 4. Under Assumptions 1, 5 and 6, there exist a ij (t) such that the origin of the linear switched system ζξ
where M is Hurwitz and µ is any positive constant, is uniformly exponentially stable. Remark 4. When ρ = 1, the system (1) and the observer (6) are time-invariant. In this case, H H σ(t) and Assumptions 5 and 6 are specialized to the following Assumption 7. ∆ ∆ σ(t) = 0.
For this special case, by having the positive constant µ sufficiently large, we can sharpen Lemma 4 so that Assumption 1 on S is not needed as indicated by the following corollary. Corollary 1. Under Assumption 7, there exist a ij such that the matrix
where M is Hurwitz and µ is sufficient large, is Hurwitz.
SOLVABILITY OF THE PROBLEM
Under Assumption 2, there exists K 1i , i = 1, ..., N , such that A i + B i K 1i is Hurwitz. Let K 2i be as follows
where X i , U i are the solutions of equations (5). (5) and (14) implies
Dynamic state feedback
Theorem 1. Under Assumptions 1 -2 and 4 -6, the output regulation problem of system (1) can be solved by the dynamic state feedback control law (7), where a ij (t) are chosen as those in Remark 3, K 1i , i = 1, ..., N , are such that A i +B i K 1i is Hurwitz, K 2i are as defined in (14), and µ is any positive constant.
Proof: Under the control law (7), the closed-loop system of agent i iṡ
, the overall closed-loop system can be put in the form (9) as follows:
is Hurwitz, by Lemma 4, the first property in Definition 1 holds.
To verify the second property in Definition 1, let X c X I qN . Then by (15),
is the solution of (10). Therefore, by Lemma 1, lim t→∞ e(t) = 0. The proof is thus completed.
2
(17) By Lemma 4,v → 0 as t → ∞. Thus, every compensator in (6) can be viewed as an asymptotic observer of the exosystem. Remark 6. By Corollary 1, when ρ = 1, i.e., H σ(t) ≡ H, the output regulation problem of system (1) can be solved under Assumptions 2, 4 and 7, by letting µ sufficiently large. This special case was studied recently in Su and Huang [2011] .
When system (1) takes the following special forṁ
with v generated by (2), and e i (t) = x i (t) − v(t), equations (5) are reduced to the following (20) implies X i = I n , Assumption 4 is reduced to the following assumption. Assumption 8. The linear matrix equations
admit a solution U i , respectively. Thus, as pointed out in Hong, et al. [2010] , the output regulation problem of system (18) can be interpreted as the linear leader-following consensus problem if we regard system (2) as the leader and system (18) as the followers. Thus, we obtain the following corollary of Theorem 1: Corollary 2. Given the leader (2) and N followers (18), under Assumptions 1, 2, 5, 6 and 8, the leader-following consensus problem is solvable via the dynamic state feedback control law (7). Remark 7. Assumption 8 is always satisfied with U i = 0 and X i = I n , when A i = S, i = 1, ..., N . Thus Corollary 2 contains many existing leader-following consensus problem as special cases. For example, when A i = S = 0, B i = 1, the system consisting of (2) and (18) is reduced to multi single-integrators which was studied in Jadbabaie, et al. [2003] ; when A i = S = 0 1 0 0 , B i = 0 1 , the system consisting of (2) and (18) is reduced to multi doubleintegrators which was studied in Hong, et al. [2007] ; and when A i = S are marginally stable, the system consisting of (2) and (18) is reduced to what was considered in Ni and Cheng [2010] . Remark 8. Corollary 2 strictly contains those results in Jadbabaie, et al. [2003 ], Hong, et al. [2007 , Ni and Cheng [2010] in the sense that we allow A i = S. For example, Jadbabaie, et al. [2003] , Ni and Cheng [2010] is based on the information graphḠ σ(t) that describes the information exchange of all subsystems. Therefore, the so-called joint connection assumption has to be imposed on the information graph G σ(t) directly. In contrast, as pointed out in Remark 3, we have freedom to define digraphḠ σ(t) by ourselves as long as it satisfies Assumption 6.
Dynamic measurement output feedback
By adding the detectable assumption, we can further design the dynamic measurement output feedback controllers. Theorem 2. Under Assumptions 1-6, the output regulation problem can be solved by the dynamic measurement output feedback control law (8), where a ij (t) are chosen as those in Remark 3, K 1i and L i , i = 1, ..., N , are such that
are as defined in (14), and µ is any positive constant.
Due to the space limit, the proof of Theorem 2 is omitted here.
For the special case where (1) takes the special form (18), we can obtain an output feedback counter part of Corollary 2 as follows: Corollary 3. Given the leader (2) and N followers (18), under Assumptions 1, 2, 3, 5, 6 and 8, the leader-following consensus problem is solvable via the dynamic measurement output feedback control law (8).
SIMULATION RESULTS
In what follows, we provide an example to illustrate our design. As discussed in Remark 8, we consider leaderfollowing consensus problem, where the followers consist of 4 double integrators:
and the leader system is a harmonic oscillatoṙ v 1 = v 2 v 2 = −v 1 Whether each follower belongs to Group 1 or 2 depends on the following switching diagonal matrix: Choose a ij (t) = 1 or 0 so that the δ-digraph (0 < δ < 1) associated withM σ(t) is as described in Figure 1 .
. By Corollaries 2 and 3, we can construct the dynamic state feedback control law (7) and the dynamic measurement output feedback control law (8), respectively. Some simulation results are shown in Figures 2 and 3 , respectively. Both control laws have successfully achieved the leaderfollowing consensus.
CONCLUSION
In this paper, we have studied the output regulation of a class of linear switched multi-agent systems. By developing the distributed observers of the exosystem, we have given both dynamic state feedback and dynamic measurement output feedback control laws to solve this problem under some standard assumptions. As an application, we have shown that our control design can solve the leaderfollowing consensus problem efficiently. Future work will focus on robust and nonlinear output regulation problem of multi-agent systems. 
